Recently a mode coupling theory for the dynamics of solutions and melts of entangled linear chain polymers has been developed. We report the extension of this approach to macromolecular architectures different from linear chains. Specifically, this work addresses recent experimental findings on melts of ring shaped polymers, small spherical micro-networks, and linear chains in two dimensions. The mechanical and dielectric response, diffusion, and molecular relaxation times of macromolecules modeled by fractal mass distributions are studied. The distribution is chosen to be Gaussian and then is uniquely determined from the experimentally measured scaling of macromolecular size (R g ) with degree of polymerization (N), i.e., R g ϰ N . The exponent and the spatial dimension d determine the large N scaling of the transport coefficients and the exponents describing intermediate time anomalous diffusion. Within the theory, entanglement corrections to the single polymer Rouse dynamics are effective for Ͻ2/d only. There, we find D ϰ N 2dϪ5 for the diffusion coefficient and that the ratio D D /R g 2 is almost constant, where D is the terminal relaxation time. Using independent input from equilibrium liquid state theories, the magnitude and scaling with macromolecular density and segment length of the dynamical properties is determined. It is also found that macromolecular interpenetration requires progressively higher densities and consequently entanglements become less effective with fractal dimension 1/ approaching the spatial dimension. © 1997 American Institute of Physics. ͓S0021-9606͑97͒50901-9͔
I. INTRODUCTION
The dynamics of dense polymer liquids has attracted interest for a long time. 1 Chain molecules consisting of many repeat units, monomers, have been studied because of their technological importance and intrinsic interest. Systems of chain polymers with a large degree of polymerization exhibit very slow dynamical processes connected to the so-called ''entanglements,'' which are viewed as a consequence of chain connectivity and excluded volume intermolecular interactions. Important progress has been achieved by an elegant phenomenological approach, the reptation or tube model, which is amply discussed in monographs. 2, 3 It circumvents the problem to define entanglements, or to show how they arise within more microscopic descriptions, by postulating their effects as constraints for the motion of a single probe polymer. This leads to a rather concrete picture of the long time anisotropic motion of a single chain polymer in a melt, it slides in a tube. The characteristic slow process of entangled polymers then is connected to the conformational relaxation triggered by the chain ends leaving the tube. 2, 3 Numerous phenomenological extensions of this approach relax different aspects of the constraints in different ways, but still do not address the microscopic origin of entanglements or the fundamental validity of the tube ansatz. [4] [5] [6] Several alternative, non-reptation and/or non-tube phenomenological theories have also recently been proposed. [7] [8] [9] The semi-empirical cooperative cluster theory of Douglas and Hubbard 7 is of particular interest to our present work since it also addresses the role of macromolecular fractal and spatial dimensions on entanglement phenomena.
Recent progress in the synthesis of non-linear architectures has raised the possibility of studying the effects of macromolecular architecture on the entanglement problem. Melts of cyclic polymers, 10, 11 star polymers, 12, 13 H-shaped polymers, 14 comb-like polymers, 15 and of differently crosslinked micro-networks or micro-gels [16] [17] [18] have been prepared and studied for entanglement effects. In contrast to a naive interpretation of the reptation picture, it is found that macromolecules irrespective of their molecular architecture show a slow relaxation process above a certain crossover degree of polymerization. In several cases the observed phenomenology is remarkably similar to linear chain polymers. A number of phenomenological models have been advanced to explain some of these observations. [19] [20] [21] [22] [23] They share with the reptation model the aspect that the surrounding melt is viewed as imposing nearly static constraints, and that only specific, architecture-dependent idealized modes of motion are allowed for the probe. A number of experimental findings can be rationalized with these approaches but the phenomenon that entanglement effects show rather common features for different macromolecular architectures appears accidental. Let us mention one striking observation, namely, the plateau value in the shear modulus which is rather close for polystyrene molecules of different topologies ͑including spherical microgels͒, whereas for linear polymers of different chemical units larger variations are observed. 1, [10] [11] [12] [13] [14] [15] [16] Of course, one has to caution that the impression that a slow dynamical entanglement process is a common feature of strongly interacting macromolecules may be premature as experiments may often be in a broad crossover region, where different transport processes compete and simplified theoretical models do not yet apply. At present this question appears to preclude the possibility of experimentally verifying the original tube model for linear chains and N→ϱ, although it is well known that systematic deviations are observed. [1] [2] [3] 6 Also, it is clear that the study of dynamic processes in cyclic polymers does not necessarily address the question ''do linear chains reptate,'' 6 and it should be mentioned that recent microscopic theories have suggested approximations to connect the tube model parameters to equilibrium properties of the polymer melt. [24] [25] [26] However, the wealth of experimental studies suggests a more universal underlying mechanism for entanglement formation and relaxation in macromolecular liquids than implicitly assumed in most phenomenological models. 16 Recently, one of us has put forward a new microscopic approach to the entanglement problem in melts, [27] [28] [29] [30] [31] [32] which was extended to solutions, 33, 34 blends 35, 36 and copolymers. [37] [38] [39] It generalizes established techniques and approximations from theories for the equilibrium structure and dynamics of simple liquids, and addresses the question how the microscopic equations of motion containing the molecular potentials explicitly lead to entanglement effects. A unique feature of the theory is its suggestion of an underlying equilibrium structural origin of entanglement formation and slow relaxation in rough analogy with the phenomena of critical slowing down, 40 anomalous diffusion in fractal media, 41 and caging in simple and colloidal fluids. 42, 43 As the theory uses no a priori assumptions about specific probe motions or constraints imposed by the surrounding melt, it naturally can be used to study various molecular architectures. The question whether the non-reptative, isotropic dynamics adopted by the theory is literally true for all polymeric architectures, especially linear chains, or is merely an adequate effective-medium-description remains unresolved. 32 The quantities which are input into the theory, in principle, can be measured and detailed questions about dependences on polymer density and chemical parameters may be addressed. The case of linear chain molecules has been discussed using asymptotic results for large degrees of polymerization, [27] [28] [29] [30] [31] 33, 34 and numerical solutions to the full equations in experimentally relevant parameter ranges including crossover effects. 31, 32 In this paper this microscopic approach is extended to fractal macromolecular architectures. The extension to nonlinear polymers is clearly motivated by the experiments quoted above, and the observed common features of the entanglement effects. Gaussian fractal macromolecules are considered because of the following reasons. First, the appropriate model of a single non-entangled fractal molecule has been studied by Cates and Muthukumar and serves as a reference point. 44, 45 Second, linear polymers in melts and dense solutions are commonly described as Gaussian chains, i.e., as ideal random walks, which corresponds to a ͑mass-͒ fractal dimension of d F ϭ2. Gaussian fractal models appear the most simple variation to this known case, which is also relevant to experimental systems. Cyclic polymers in melts have been suggested to have a fractal dimension, [46] [47] [48] d F Ϸ2.2 to 5/2, and neutron scattering has demonstrated that some melts of the cross-linked micro-networks have a mass fractal dimension 17, 18 d F Ϸ3. Third, as previous and this work show, the entanglement effects in the polymer mode coupling theory of Schweizer for chain molecules result from fluctuating force time correlations over a broad range of wave vectors where both the intramolecular structure and intermolecular packing correlations are self-similar. 30 The generalization to other fractal dimensions therefore appears naturally, and a few preliminary results have been published before largely without derivation. 30 The dynamics of a single polymer with fractal dimension, d F , which determines its size, R g ϳN 1/d F , has been studied for different interactions. 44, 45 As polymers often are discussed in the context of critical phenomena 2 we will use this notation and define the size-mass scaling exponent , ϭ1/d F . Cates and Muthukumar show that in the unentangled Rouse model, where hydrodynamic interactions are neglected, dynamical scaling 40 holds. The static scaling and the exponent is put into the fractal model by hand. Dynamical scaling entails the existence of a single, characteristic long time scale, R , which scales like: R (N) ϰ N z . The dynamical exponent z is determined by noting that the longest relaxation time of the Rouse model corresponds to diffusion a distance of order the size of the macromolecule, 1/ R (N)ϳD R /R g 2 and that the diffusion coefficient is obtained from adding up N independent monomer friction forces, D R ϭk B T/ 0 N, where 0 ϭ total /N is the ''bare'' local friction constant. The relation zϭ2ϩ1/ is found and reported in terms of the spectral fractal dimension, 44, 45 d s ϭ2/z. The static viscosity follows from a dumbbell consideration, 2 ϳ (1/N) total R g 2 ϳN 2 , and generalizes to finite frequencies by a simple scaling law, ()ϭN 2 f ( R ). This underlying simplicity in the dynamics of the non-interacting fractal macromolecules is another aspect motivating our study. It connects the entanglement problem to a class of models where the standard static and dynamic scaling results are well understood.
Deriving from first principles the dynamics of dense liquids of strongly interacting macromolecules necessarily requires approximations, some of which are not well controlled in the present theory. In order to highlight the contents of the theory let us list the central assumptions. ͑i͒ The crossover to entangled dynamics is described by the ''renormalized Rouse'' ͑RR͒ theory which, for linear chains, is discussed in Refs. 27 and 33. ͑ii͒ The slow dynamics of entangled polymers is described by the ''polymer mode coupling'' ͑PMC͒ theory which is discussed in Refs. 27, 28 and 32. ͑iii͒ It is argued that chain-end effects ͑or more generally static and dynamic site inequivalency͒ and the exact treatment of the low lying modes do not affect the presented results. We argue that these simplifications are not important for architectures such as linear chains, rings, and ͑perhaps͒ spherical microgels, systems for which our predictions seem to be in good accord with experiments. However, these simplifications are not appropriate for other topologies such as stars, some types of branched polymers, and rigid rods. For example, the nearly exponential dependence of star melt vis-cosity and diffusion constant on arm molecular weight predicted by phenomenological arm retraction ideas within the tube model, 2, 3, 49 and found in many ͑but not all͒ experiments, 16 ,50-52 is not predicted. A very large enhancement of the rotational relaxation time and shear viscosity of isotropic rigid rod solutions [53] [54] [55] is also not captured. ͑iv͒ Only well-defined single molecule correlation functions are calculated. Some experimental quantities are assumed to be dominated by the single molecule contribution, e.g., the shear stress. ͑v͒ A special class of polymer topologies is studied. Only macromolecules whose intramolecular structure is experimentally found to be described or approximated by a Gaussian fractal model are studied. Limitations of this restriction are mentioned in point ͑iii͒ above. ͑vi͒ The information about the equilibrium liquid structure, which is required as an input to the dynamical theory, is calculated within an integral equation approach. In principle experiment or simulation could provide more accurate information replacing this calculation. ͑vii͒ Polymeric solutions are treated as effective, lower density one-component systems. Hydrodynamic interactions, and corrections to the Gaussian intramolecular structure ͑with the exception of a densitydependent effective statistical segment size͒, are neglected. ͑viii͒ Entanglement effects are turned off on length scales smaller than the crossover length calculated within the RR theory. A naive additive crossover description is used for finite molecular weights.
It is important to realize that although our theory has the above simplifications and limitations, it represents a novel attempt to develop a microscopic theory for the fluctuating force time correlations and friction within a general framework which can simultaneously treat ͑some͒ different macromolecular architectures. This feature is in strong contrast with phenomenological approaches such as the tube model which are based on rather specific guesses for the dominant disentanglement stochastic trajectories which are modified for different architectures. Moreover, a variety of experimentally accessible quantities are predicted and allow crosschecks of the underlying physical picture and the theory.
Although, the full time dependence of the mean squared displacements ͑center-of-mass and segmental͒, shear stress and dielectric relaxation, and single polymer density fluctuations are predicted, the most easily tested predictions probably concern the transport coefficients for different fractal dimensions. We find that the entanglements in the theory arise from two-molecule binary monomeric contacts, which matter for geometric reasons for Ͻ2/d only. Reservations are required when applying this result to rigid rods where specific topological interactions exist. Based on our theory of equilibrium liquid structure, we find ͑in agreement with experiments and simulations 56, 57 ͒ in two and three dimensions that for dense fractal objects, i.e., for d F →d, interpenetration and consequently entanglement effects become unimportant for realistic polymer densities. Even when strong entanglement effects are operative, the theory predicts a competition between two trends with increasing fractal dimension: The enhanced exponent in the N-scaling of the number of two macromolecule contacts ͑proportional to N 2Ϫd ) which increases friction, versus a reduction of the local contact value of the intermolecular site-site pair correlation function ͓g d ϭg(rϭD)͔ which reduces friction. This aspect of the theory leads to qualitative agreement with experimental observations on entangled chain, ring, and microgel melts 10, 11, 16, 58, 59 which find that the magnitude of the shear viscosities are roughly macromolecular architecture independent in an intermediate crossover molecular weight region. 16 The theory predicts a similar behavior for self-diffusion constants. Experimental diffusion studies are roughly compatible with this prediction, although the former are still affected by the constraint release mechanism 60 which we have ignored for simplicity. In the pre-terminal, non-Markovian regime, our theory predicts power law frequency scaling of the disentanglement process as reflected in several loss modulii ͑e.g., stress and dielectric͒. An exponent of roughly 0.2 for the shear stress loss modulus, GЉ()ϳ Ϫ0.2 , is found for a range of experimentally relevant fractal dimensions. This exponent is in close agreement with chain experiments 58, 59 and is much smaller than the asymptotic reptation/tube prediction of 1/2.
The contents of this manuscript is organized as follows. Section II collects the starting generalized Langevin equations of the theory. It is shown which experimentally measurable correlation functions can be calculated in this approach. Section III defines the fractal macromolecular model and obtains the equilibrium intramolecular information which are needed for the dynamical theory. In Section IV the collective fluid structure is analyzed using an integral equation approach. The input of the intra-and inter-molecular equilibrium structure is used in Section V to work out the dynamics of entangled fractal macromolecular fluids. Dependences of dynamical properties on time, frequency, fractal and spatial dimensionalities, degree of polymerization, polymer density, solvent quality and some coarse-grained chemical features are discussed. A comparison with the reptation/ tube approach to fractal macromolecules is made. Large N asymptotic results are obtained analytically and a simplified crossover model is studied to estimate finite N effects in the range of experimentally relevant degrees of polymerization. Some connections to various experimental findings are discussed. The Appendix treats the case of fractal, rod-like macromolecules which are of intrinsic interest, and whose study sheds light on the neglect of chain end effects, low lying modes, and the origin of entanglement effects for the other fractal dimensions.
II. BASIC EQUATIONS

A. Segment position correlators
Recently, Schweizer has derived a set of linear, nonMarkovian generalized Langevin equations for a tagged polymer chain molecule in a polymer solution or melt. [27] [28] [29] [30] [31] [32] [33] [34] We will only summarize the final set of equations. For macromolecules of non-linear architecture only slight adjustments in the basic equations are necessary. The tagged molecule of N segments of statistical segment length, , experiences intra-and intermolecular forces. Following stan-dard practice, the intra-molecular forces are approximated by the bead-spring or Rouse model. 3 New and non-trivial expressions have been suggested for the intermolecular forces, which the probe molecule feels when moving in a matrix of other polymers. Finally, equations of motion for the matrix of correlation functions ͗R ជ ␣ (t)•R ជ ␤ ͘ are obtained, where R ជ ␣ (t) is the position vector of the segment or monomer ␣ of the probe, 1р␣рN. Using the following convention for the Laplace transform: f (z)ϭ LT͓ f (t)͔(z)ϭi͐ 0 ϱ dt e izt f (t), and matrix notation, 61 the system of equations are given by
Here, the intermolecular forces, F ជ ␣ Q ϭϪ(‫ץ/ץ‬R ជ ␣ ) ϫ V(͕R͖), depend on time via a projected dynamics partially decoupled from the slow dynamics. 0 is the monomeric friction coefficient and ␤ϭ1/k B T. ⌫ ␣␤ denotes the initial decay rate associated with the bare, segmental scale dynamics,
where the second equality follows from the absence of hydrodynamic interactions in the case of a d-dimensional melt. The Rouse model of course only considers ⌫ and assumes a vanishing memory function, m ␣␤ (t)ϭ0. The monomeric diffusion coefficient D 0 ϭk B T/ 0 sets the microscopic time scale 0 , 0 ϭ( 2 /dD 0 ), and is assumed to be known from experiment. The intermolecular excluded volume force, F ជ ␣ (t), exerted on the probe segment ␣ by all the other ͑ma-trix͒ polymers in the system are approximated in two different models.
In the renormalized Rouse model ͑RR͒ a ͑dynamical͒ weak coupling factorization of the four-point correlation function, Eq. ͑1b͒, results in 27 ⌳͑z ͒ϭ 1
where the memory function describes the isotropic drag the probe feels from the surrounding melt in a perturbative or short time fashion. The relaxation of the friction forces is governed by the diffusive dynamics of the probe, which is approximated to be the free, Rouse motion. As only the uniform contribution of the RR friction is required in the following we will study the simplified RR model replacing m ␣␤ (RR) (z) by ␦ ␣␤ ⌳(z). This simplification does not affect the present work. The full RR model is studied in Refs. 27 and 33. The coupling parameter ,
is a measure of the direct pairwise interactions or collisions the probe segments experience with the surrounding matrix monomers. The contact value, g d ϭg(D), of the intermolecular segment-segment pair correlation function, g(r), at the effective segment hard core diameter D enters, as does the small wave vector value of the collective liquid structure factor, S 0 , which is connected to the bulk compressibility, S 0 ϭ m k B T T , at monomer density m . The numerical prefactors arise from angle integrals in d-dimensions; ⌫ denotes the gamma function. Physically, the parameter is proportional to the mean square repulsive force on the segmental scale exerted on the tagged polymer by its surroundings. The wave vector integral in Eq. ͑2a͒ can be interpreted as a summation over the contributions to the fluctuating force correlations arising from dynamically correlated processes on length scale 2/k. The relevant spatial range of such melt-probe dynamic correlations in Eq. ͑2a͒ is specified by the tagged molecule static structure factor, k , which is defined by the sum over all elements of the matrix of segmentsegment equilibrium correlations, ␣␤ (q)ϭ͗e
͑3͒
Whereas the RR model is supposed to describe the onset of entanglements for small macromolecules, or entangled dynamics of long chains at short times, for longer times, where strong slowing down occurs, the intermolecular forces are approximated differently. In the polymer mode coupling model ͑PMC͒ the fluctuating forces are projected onto the N bilinear products of a probe segment and the collective matrix density fields. The resulting memory function is expressed as 27, 28 
where ⌳(z) is the frequency dependent friction function of the RR model. The presence of the inverse of the static correlation matrix, ␣␤ , accounts for the influence of macromolecular connectivity on the fluctuating, time dependent intermolecular force correlations. The projected dynamics of the PMC friction forces is evaluated from the RR model. The physical motivation for Eq. ͑4͒ has been extensively discussed. 27, 28, 32 An important feature of Eq. ͑4͒ is the spatially non-homogeneous friction captured in the explicit dependence of m ␣␤ (PMC) (t) on the monomer sites, ␣, ␤. Equally important is the diffusion pole of the RR dynamics determining the relaxation of the friction forces in Eq. ͑4a͒. In the coupling strength parameter, Ј, of the PMC model
the direct hard sphere interaction captured in g d of Eq. ͑2b͒ is replaced by the effective repulsive pseudopotential described by the direct correlation function at zero wave vector, 27 c 0 Ͻ0. It has been argued that the PMC-friction function, when its dynamics is evaluated using the RR model, describes the long time dynamics of entangled polymers. 27, 28, 32 However, as has been discussed elsewhere, 31, 32 the PMC model also affects the dynamics on very local length and time scales. This effect should be considered unphysical. In order to quantitatively compare to experimental studies the collective dynamical processes described by the PMC friction should be absent at short times and/or distances, 31, 32 or only long enough length or time scales should be considered. Our present approach is in the latter spirit which also has the advantage of allowing analytical analysis in the large N limit. Interesting long time dynamics results from these models, Eqs. ͑2a͒ and ͑4a͒, as the friction functions pick up molecular weight or N-dependences due to the small wave vector structure in the integrands. Akin to the long time tails familiar from simple liquids, 62 anomalous diffusion arises in intermediate time windows. New N-dependent time scales arise from the variation of the molecular structure, k , on the size of the probe molecule, R g . This effect clearly bears similarity to dynamical critical phenomena, an aspect which also motivates our considerations of non-chain-like, fractal polymer architectures and general spatial dimensions.
Equations ͑1͒-͑4͒ determine the dynamics of the tagged macromolecule from its equilibrium structure as expressed primarily in terms of the matrix of partial structure factors, ␣␤ (q). Non-universal collective equilibrium structure and intermolecular packing only enters via the coupling parameters and Ј. Implicit in this simplification is the assumption that on the length scales of interest the equilibrium structure is homogeneous, e.g., S k ϷS 0 . Although valid as N→ϱ, significant finite size corrections can occur as discussed elsewhere. 31, 32 A dynamically frozen matrix assumption has also been invoked corresponding to the physical assumption that the relaxation of the entanglement friction forces exerted on the probe is solely determined by the tagged particle dynamics via its coherent density fluctuations. We expect this simplification to be qualitatively reliable if the matrix is composed of polymers of degree of polymerization comparable to, or greater than, the probe N. These equations have been rather successfully applied to chain polymers in melt, blend, and copolymer environments. 31, 32, [35] [36] [37] [38] [39] In this paper we want to study the role of varying macromolecular architecture as captured in the static structure factors ␣␤ (q).
B. Observables
In this section we will connect various measurable quantities with the tagged polymer dynamics as described in the previous section. From the matrix of segment position correlators one can immediately obtain the probe averaged mean squared displacement, (t), by taking the trace
The center-of-mass motion, ⌽(t), is obtained from
2 ͘, where
Without additional assumptions, which will be discussed in the next section, Eq. ͑6b͒ cannot be simplified further, since V CM will in general not be an eigenvector of the friction matrix m ␣␤ . We follow the standard assumption that the collective shear stress is dominated by the single molecule contribution arising solely from the elastic intra-molecular forces 3, 28 G͑t ͒ϭ
Then, because of the linear equations of motion, Eq. ͑1͒, and spatial isotropy, a Rouse-like formula for the shear modulus,
Here, ⌫ϭQ CM ⌫Q CM is obtained from the inverse of the static correlations, Eq. ͑1b͒, by projecting perpendicular to the center-of-mass dynamics, Q CM ϭ1Ϫ P CM ϭ1ϪV CM V CM T , thereby demonstrating that the intra-molecular stress is unaffected by the center-of-mass motion.
Closely related to the modulus is the segment elastic force correlation function which for chain molecules equals the bond vector autocorrelation function
͑8͒
Another quantity of interest is the radius of gyration fluctuation function, P(t), which we will consider as a molecular architecture independent analog of the linear chain end-toend vector correlation function
͑9͒
We follow the general assumption that the end-to-end vector fluctuations of certain linear chain polymers made up of dipolar monomers can be measured by dielectric spectroscopy, 63 and for general architectures discuss the dynamical radius of gyration correlation function, P(t), with respect to dielectric measurements.
Whereas the linear equations of motion, Eq. ͑1͒, without further assumption lead to the Eqs. ͑5͒-͑9͒ for the mean squared displacements, the ͑single molecule͒ shear modulus, and the radius of gyration fluctuations, we tentatively also calculate correlation functions which are non-linear in the monomer positions. Using the Gaussian approximation and neglecting boundary effects the incoherent dynamic structure factor is connected to the averaged mean square displacement, Eq. ͑5͒ as
It can be measured by pulsed field gradient NMR. 64 The same Gaussian approximation also simplifies the single molecule coherent dynamic structure factor to
It can be argued that the Gaussian approximation holds at very short times and in the long time, Markovian limit of Eq. ͑1͒. For intermediate times, however, its validity is doubtful.
27,32
III. GAUSSIAN FRACTAL MODELS
A. Structure
Equations ͑1͒-͑4͒ directly relate the probe polymer dynamics and macromolecular and liquid equilibrium structure. The latter only enters via the system-specific parameters and Ј characterizing the strength of the fluctuating forces. The long range intra-molecular correlations, however, affect the dynamics differently on different length scales and lead to a sensitive dependence of the motion on polymer architecture. Although the linear, ideal chain molecule is the most experimentally relevant case other polymer architectures also invite study for several reasons. First, advances in chemical synthesis have introduced new non-linear macromolecules such as rings, stars, micro-networks or micro-gels. [10] [11] [12] [13] [14] [15] [16] [17] [18] Second, comparing the results for other architectures with the chain case may shed light on the transport mechanisms captured in the RR and PMC models. Third, due to the connections of our approach to the description of long time tails and critical slowing down, a study of models where the more universal large length scale properties are varied seems especially fruitful. 30 Therefore, we will focus on macromolecules where the radius of gyration, R g , depends on mass, M , or monomer number, N, in a fractal way. A fractal ͑mass͒ dimension d F , or its inverse, the exponent , ϭ1/d F , is globally defined as
Besides the case of random walk linear chains, where ϭ1/2, the following fractal objects are of experimental interest: Rod-like molecules, 3 where ϭ1, fractal micronetworks ͑or micro-gels͒, 17, 18 and models for partially collapsed ring molecules in the melt, for which the dimension d F Ϸ5/2 has been suggested theoretically 46 and values ranging from d F Ϸ2.22 to d F Ϸ2.56 have been found in lattice simulations. 47, 48 There are also melts composed of macromolecules with fractal dimension equal to the spatial dimension, as, for example, ideal random walk chains 56, 57 in spatial dimension dϭ2, or fractal micro-networks in dϭ3 dimensions. 18 These structures differ from dense solid objects, which do not show fractal but Porod like scattering, q ϳq Ϫ(1ϩd) , because they contain pores on all length scales and in principle allow interpenetration.
Real macromolecules clearly possess fractal structure only on length scales large compared to chemical or microscopic structural features. However, the detailed study of chain polymers [1] [2] [3] [4] [5] [6] 32 has shown that the description of the entanglement problem in Eqs. ͑1͒-͑4͒ is qualitatively insensitive to microscopic details on the 5-10 Angstrom scale. Assuming that this holds for different fractal objects as well, the simplest approach to extend the fractal mass-size scaling of Eq. ͑12a͒ to describe the structure of the macromolecule on all length scales is to postulate that the spatial distance of two monomers ␣, ␤ is connected to their chemical distance by the same exponent
Some unspecified labeling scheme is assumed to determine the chemical distances; it will of course depend on molecular architecture, e.g., connectivity. In the present form of the PMC approach, however, the results are determined by the mass structure only, independent of the underlying connectivities which are the origin of a particular mass distribution. Assumption Eq. ͑12b͒ therefore is the simplest extension of the global scaling law, Eq. ͑12a͒, introducing no new physical effects down to the monomeric size, . Let us emphasize that Eq. ͑12b͒ excludes the study of some interesting polymeric architectures. Semi-flexible chains are characterized by a further length scale, the persistence length, which can be large compared to monomeric sizes. In the present treatment semi-flexible chains are contained only if all dynamical entanglement effects arise at distances large compared to the persistence length, which then can be viewed as the size of an effective segment. Also star polymers can be described with Eq. ͑12b͒ in frequency windows only where the dynamical effects arise from the Gaussian-chain-like arms of the star. The segments of a star are not all equivalent. The global topological difference of a star and a chain polymer clearly cannot be captured by a fractal polymer model. However, it must be pointed out that dielectric, 51 An expression for the matrix of intramolecular structure factors, ␣␤ (q), is needed. A Gaussian model is consistent with the assumption of elastic intramolecular forces in Eq. ͑1͒, f ជ ␣ intra ϰ ͚ ␤ ⌫ ␣␤ R ជ ␤ , and leads to
From Eqs. ͑3͒, ͑12b͒, and ͑12c͒ the intramolecular structure factor q and its asymptotic expressions can be found
͑12d͒
Neutron scattering experiments, in principle, can study the intramolecular structure factor, q , determining the power law wave vector dependence in Eq. ͑12d͒ or the scaling of the radius of gyration, Eq. ͑12a͒. Therefore, the underlying fractal geometry can be revealed experimentally from measuring the scalar mass distribution. Our more detailed assumptions ͑12b͒ and ͑12c͒ can be viewed as a minimalistic model determining the necessary static input solely from the exponent measured in such a scattering experiment. Even without a Gaussian assumption, the matrix of the mean squared displacements is simply connected to the small q limit of the matrix of intramolecular structure factors
Therefore, specifying ␣␤ (q) fully determines the dynamical Eqs. ͑1͒-͑4͒. A slight technical adjustment is necessary because the equilibrium center-of-mass fluctuations cannot be specified. The matrix ͗R ជ ␣ •R ជ ␤ ͘ is not well defined since its inverse, ⌫, has a single eigenvalue of zero. This arises as the sum of all intramolecular forces on one molecule vanishes, ͚ ␣ f ជ intra ϭ0. If the molecule is placed in an external potential of order , then the initial decay rate and its inverse are well defined
and physical observables are calculated by taking →0 at the end. As the formalism detailed in the next section explicitly splits off the center-of-mass mode, taking the limit →0 is straightforward and will not be mentioned explicitly.
Of main interest are the effects of the long range fractal geometry. Only small quantitative errors will be introduced by using instead of the exact q the standard interpolation 3 between the asymptotic limits
This expression allows analytic evaluation of a number of integrals appearing in the theory. A normalized scaling form (x) will be used repeatedly, where
)/N will be approximated from Eq. ͑14͒; of course, the correct from Eqs. ͑10͒ and ͑12c͒ could enter in numerical evaluations.
B. Spectral densities
The equations of motion are determined from the above equilibrium considerations. In principle numerical solutions of the N coupled equations would require simultaneous diagonalization. Whereas in the Rouse and the simplified 27, 33 RR models which assume uniform friction this procedure can be achieved by one orthogonal transformation, in the PMC problem simultaneous diagonalization of ⌫ ␣␤ and ␣␤ (q) is not rigorously possible. Even in the case of Gaussian chains the well known Rouse eigenmodes only diagonalize ⌫ ␣␤ but not ␣␤ (q). The complications, however, only arise because of the finite size of the molecule. If periodic boundary conditions could be assumed, plane waves, ϰ exp͓2ip/N͔, would trivially diagonalize the problem. Such results hold in the general case of Toeplitz matrices, m ␣␤ , i.e., matrices which depend on the difference of the indices only, m ␣␤ ϭm (␥) , where ␥ϭ␣Ϫ␤. Although little is known about the exact eigenvalues of general Toeplitz matrices, it is well known that the distribution of eigenvalues can easily be found by Fourier transformation 66 in the limit of large N.
Let us recall the pertinent results and apply them to the N-dimensional Toeplitz matrix ␣␤ (q)ϭ (␥) (N) (q) from Eq. ͑12c͒. For finite wave vectors it is possible to define the density of eigenstates q via:
For any smooth function g of the N exact eigenvalues p (N) (q), where the label p runs between pϭ(ϪN ϩ1)/2,...,(NϪ1)/2 for odd N, we can use a theorem by Szegö. It states that for large N a sum over all eigenvalues may be replaced by an integral using the density of states 66 lim
Of course, is just a one-dimensional density of states well known from solid state theories. For large N each element of the matrix ␣␤ converges to a limit as if periodic boundary conditions applied
This result can be interpreted as if the eigenvalues converged
where the Fourier variable is equally spaced at p (N) ϭ (2p)/(N) and pϭ(ϪNϩ1)/2,..., (NϪ1)/2. However, it must be stressed 66 that Eq. ͑15c͒ only holds in the sense that the distributions of the exact eigenvalues and the p (N) agree for large N. From Eq. ͑13b͒ it can be seen that the eigenvalues of the initial decay, or Rouse rate, can be obtained from the exact eigenvalues ␣␤ (N) (q) of the matrix ␣␤ . ⌫ has a unique lowest eigenvalue, the center-of-mass eigenvalue ⌫ 0 ϭ ͑in the external potential͒ with eigenvector V CM , and the (NϪ1) further eigenvalues labeled by p
where
In the case of random walk ideal chains, ϭ1/2, the corresponding formulae are known; the density of states of the intramolecular structure factors is
The well known Rouse spectrum also follows because of Eq. ͑15d͒:
Note, however, that the exact eigenvalues of ⌫ depend on the boundary considerations. For linear chains, p (N) ϭ(p/N) for 0рpрNϪ1 follows from the exact eigenvalue conditions. For ideal Gaussian rings with periodic boundary conditions, p (N) ϭ(2p/N), for (ϪNϩ1)/2рpр(NϪ1)/2, is obtained leading to doubly degenerate eigenvalues. The lowest finite eigenvalue differs by a factor of 4 for the two boundary conditions. Moreover, the appropriate eigenvectors differ, as they will do in general, so that physical questions such as the translational-rotational coupling, which will enter Eq. ͑1͒ because of the memory functions, require additional considerations.
The approach put forward by one of us 27, 28 when considering the entanglement problem of chain polymers focuses on the slowing down of internal modes neglecting chain end effects. In this paper we will extend this approach to macromolecules with fractal distributions of internal modes and neglect the question of the exact position of the lowest lying modes and the appropriate boundary conditions. Justifying this approach, the entanglement effects in Eqs. ͑1͒-͑4͒ will mostly result from considerations where the spectrum of internal modes dominate. They will be affected very little by an arbitrary cut-off factor c ϭ(x/N) which we introduce into the spectrum to keep track of the effects of this approximation. This approximation of course was also implicit in the studies of the Rouse problem for fractal polymers. 44, 45 It may be called one of the defining physical assumptions which allows one to extend the approach put forward in Refs. 27 and 28 to different architectures without specifying the detailed real space transport mechanism as is necessary in reptation-tube based approaches.
The diagonalization of the Rouse and the simplified RR model, where only the matrix structure of the initial rate enters, is straightforward and results in the renormalized Rouse propagator, C (RR) (t), normalized to unity at tϭ0
͑16͒
As a first simplification in the PMC calculation it will be assumed that the center-of-mass motion decouples from the internal modes and Eq. ͑6b͒ becomes
where the center-of-mass friction function is obtained from the uniform part of the PMC memory function and the large N approximation from Eq. ͑15c͒
In Eq. ͑17͒, and in the remainder of the paper, dimensionless units are used by rescaling t→t/ 0 , q→q and R→R/. This expression for ⌺(z) can more directly be obtained from a mode coupling approximation by projecting the fluctuating forces onto the product of the matrix collective density and the coherent intramolecular density fluctuations, (q,t), see Refs. 27 and 36. The internal modes are connected to the density of states of the intramolecular structure, q , which will be evaluated in the continuum description familiar from most polymer theories, 3 i.e., the limit N→ϱ and q→0 with qR g ϭ fixed will be taken. The Fourier series results in Eqs. ͑15͒ then turn into the ones for Fourier transformations.
The averaged mean squared displacement of Eq. ͑5͒ then can be calculated in the PMC-model from
where the Fourier transformed friction function follows from Eq. ͑4a͒
.
͑19͒
It also determines the generalized, normalized Rouse propagator
which enters into the stress modulus, Eq. ͑7͒,
The radius of gyration correlation function, P(t) from Eq. ͑9͒, follows from the unnormalized generalized Rouse correlators
An upper mode cut-off has been introduced in Eq. ͑21͒. As is known from the work on the ideal random walk chain, the RR and PMC descriptions break down at short length and time scales where any theory should recover the bare Rouse dynamics. The correct crossover from unentangled local to the long time and large distance dynamics of Eqs. ͑1͒-͑4͒ has to be enforced by hand. 31, 32 The cutoff at /N e enforces the physically sensible constraint that motions on the ͱN e and smaller scales remain Rouse-like and unaffected by the mode-coupling effects. In Section V D we will discuss the consequences of the higher modes, Ͼ(/N e ). Whereas the incoherent, single monomer dynamic structure factor in the Gaussian approximation, Eq. ͑10͒, trivially follows from Eq. ͑18͒, the use of the spectrum q and the decoupling of the center-of-mass does not yet reduce the coherent, single molecule dynamic structure factor, coh (q,t), to a form which can be analyzed easily
Here, the upper limit, N/2, in the integration was introduced by hand in order to correctly obtain the trivial sum rule coh (0,0)ϭN. Equations ͑16͒-͑23͒ are the dynamical equations which will be analyzed in the remainder of this paper. The structural information needs to be calculated from the fractal model, Eq. ͑12͒. Only in the ideal coil case of ϭ1/2 and the rod-like case of ϭ1 can q be expressed by simple formulae
In the general case, Ͻ1, 1/2, q has a simple scaling form q ϭq Ϫ1/ f (/q 1/ ) and exhibits the following asymptotes:
where c 1 is defined in Eq. ͑12d͒. In the first limit, the spatial resolution 1/q is within the cluster of 1/ monomers and sees the fractal mass distribution. In the second limit, the factor q 2 indicates the negative scattering interference for the non-homogeneous mode . In the following, the inverse of q is also needed. Instead of using the full form, we will ͑as in the case of the macromolecular structure factor q ) replace it with the Pade-interpolation between the asymptotes
This approximation is of similar quantitative accuracy as the approximation Eq. ͑14͒. It is consistent with the assumed statistical equivalence of all segments of the macromolecule. Topological corrections such as the cyclic nature of a ring polymer can be included but are ignored in the simple form above. Combining Eqs. ͑24d͒ and ͑19͒ leads to the possibility of separating the mode-dependent friction function in the PMC-model into two mode-index-independent memory functions ⌺Ј(z) and M (z). The second one of these enters with a mode-dependent prefactor 1ϩ2 . With the approximation Eq. ͑24d͒ we recover this result as first found by Schweizer in the study of Gaussian chain molecules, 28 where it is exact. From the second limit in Eqs. ͑24c͒ and ͑15d͒, the initial decay, or Rouse rate, immediately follows for the fractal models for Ͻ1
This spectrum of the elastic intra-molecular restoring forces is the one used by Cates and Muthukumar in their fractal Rouse models. 44, 45 Let us recall the general result 66 that the exact eigenvalues ⌫ p (N) generically depend quadratically on p for small p, pӶN, for any fractal dimension, Ͻ1. Only results which are determined by the broad range of intermediate modes can reliably be obtained from the fractal spectrum, Eq. ͑25͒, by setting ϭ (2p)/(N).
In this section a series of well defined steps has led to the appearance of fractal dependences on wave vector q and Fourier variable . Ill-controlled technical approximations when simplifying Eqs. ͑1͒-͑4͒ were necessary both for the lowest lying eigenmodes as well as for the most microscopic ones. These approximations, however, are consistent with the approach leading to the starting Eqs. ͑1͒-͑4͒ as they describe a mechanism where the internal modes in an intermediate range dramatically slow down for large N. The employed fractal model architectures, including the ideal random walk, presuppose the relative unimportance of microscopic length scales. Experimentally this is supported by the finding that the dynamical length scale characterizing the entanglements is of intermediate size, typically ͱN e Ϸ30-80 Å in the melt. 6 The neglect of rotationaltranslational coupling and the low-lying modes prevents studies of ''chain-end'' effects. However, the Appendix studies the case of Gaussian rod-like molecules where d F ϭϭ1. For this the approach seems to fail most spectacularly as the Rouse spectral density ⌫ vanishes identically; see Eqs. ͑15d͒ and ͑24b͒. The formalism of this section correctly captures that for these Gaussian rod molecules, defined by ␣␤ (q)ϭ f (␣Ϫ␤) 2 , where f ϭexp(Ϫ(q) 2 /2d), the Rouse spectrum consists of two modes only: rigid rotation and center-of-mass translation. 65 In this case rotationaltranslational coupling can be studied explicitly and one finds that its effect on the RR and PMC approach is negligible. The present approach differs from reptation/tube based models in that it attributes no special role to the end segments but rather focuses on the slowing down of a growing number of self-similar internal modes. 
IV. LIQUID EQUILIBRIUM STRUCTURE
The equilibrium structure of the polymer liquid the probe is immersed in enters only via four parameters: monomer density m , isothermal compressibility T ϭS 0 / ( m k B T), contact value of the intermolecular segmentsegment pair correlation function g d , and the zero wave vector direct correlation function, c 0 , which can be viewed as an effective repulsive pseudopotential. As collective structure functions of dense liquids and ͑simple͒ polymer melts are dominated by the excluded volume interaction, it is well justified to neglect wave vector dependences in the structure factor, S q , or in c q on the length scales qӶ1 of interest in this work. 68 Clearly, the magnitude of the friction forces as described by the coupling parameters , Eq. ͑2b͒, or Ј, Eq. ͑4b͒, will affect the relevance of entanglements for different architectures. Although within the framework of a coarsegrained Gaussian model one cannot hope to calculate and Ј quantitatively correctly, we do want to study their relative dependences on fluid density and the fractal dimensions of our model systems, Eq. ͑12͒. In this section we will use the polymer reference interaction site model ͑PRISM͒ of Curro and Schweizer 68, 69 in order to estimate the trends in these parameters. Like the probe macromolecule the ͑identical͒ matrix polymers will be considered to have an internal structure described by q of Eqs. ͑12͒ or ͑13͒. As the PMC or RR equations are determined by the relatively long wavelength aspects of the equilibrium structures, the most coarse-grained PRISM description, the analytic thread limit, 70 will be used. The precise values of and Ј will differ from results of more chemically realistic numerical PRISM calculations. 70 In the case of ideal Gaussian chain melts, previous studies 33 allow us to determine the ratio (A) of the parameters evaluated within the thread and numerical calculations, similarly the ratio B for the Ј parameter. The ratios A and B will be assumed to be independent of molecular architecture and polymer density. Therefore, the trend with fractal dimension and density can be obtained from the appealingly simple thread considerations.
PRISM theory is an extension of the RISM integral equation approach of Chandler and Andersen 62, 71 for small molecule fluids to polymeric systems. 68, 69 It determines the collective density structure factor, S q , and the macromolecule averaged direct and indirect intermolecular site-site pair correlation functions, c q and h q , from the monomer density, m , and from the intra-molecular structure as specified by q . The defining equation for a one-component fluid composed of macromolecules with equivalent sites is
As in the PMC or RR dynamical equations, chain end effects are not considered explicitly in Eq. ͑26͒. The excluded volume interaction is taken into account by requiring the sitesite pair correlation function, g(r)ϭ1ϩh(r), to vanish inside an ͑effective͒ hard sphere diameter, D, characterizing the size of the basic chemical units or interaction sites of the polymer. The equations are closed by formulating approximate conditions on the direct correlation function, c(r). For an extensive discussion of PRISM studies for different systems and varying microscopic details see Refs. 68 and 72.
In the thread limit 70 the effective hard sphere diameter D is shrunk to zero and the excluded volume constraint is enforced at the origin, h(rϭ0)ϭϪ1. Non-trivial solutions to Eq. ͑26͒ are assured by simultaneously taking the limit of an short range, infinite effective potential, c(r)→c 0 ␦(r) in the spirit of the Percus-Yevick closure. A non-linear equation for the effective potential parameter c 0 follows 70 from the excluded volume condition and Eq. ͑26͒. For the fractal models specified by q from Eq. ͑12͒ it connects the repulsive pseudopotential parameter, c 0 , to the packing fraction,
where͒, and degree of polymerization, N
follows from Eq. ͑26͒, where
The physically relevant limit ͉ m c 0 N͉ӷ1 is considered in Eq. ͑27͒ and the numerical constant
). Equation ͑27͒ is limited to fractal dimensions d F ϭ1/Ͼd/2 since the presumed independence of the thread direct correlation function, c q , on q misses the high wave vector cut off provided by the actual c q from Eq. ͑26͒, where c q →0 for q→ϱ. Consistent with the coarse graining of the thread calculation, only the large N limit of the results will be of interest as microscopic length scales except for the Kuhn segment size have dropped out of the description. Equation ͑27͒ captures the long wavelength aspects of the competition of local packing and macromolecular connectivity. 70 A polymer melt or dense solution is characterized by a finite, of order unity, value of the ͑normalized compressibility͒ S 0 in the limit of large N, where from Eq. ͑26͒ S 0 ϭN/(1ϪN m c 0 )ϷϪ1/ m c 0 . From Eq. ͑26͒ it immediately follows that the pair correlation function, g(r)ϭ1ϩh(r), has to exhibit a long range ͑order R g ) correlation hole 2,68,69 on intermediate length scales, ӶrӶR g , of the form Ϫh(r) ϰ (/r) dϪ1/ . As only S 0 , c 0 and g d are required for the present study of the entanglement problem, the full liquid structure described by the thread model, Eqs. ͑26͒ and ͑27͒, will not be specified. In the case of one-component chain solutions and melts, copolymer melts, and binary blends, prior PRISM studies have shown that the thread model description reproduces qualitatively well most of the equilibrium behavior obtained using more chemically realistic models. 68, 72 However, the contact value g d cannot be found from the thread model as the diameter of closest contact has been shrunk to zero for analytic convenience. Nevertheless, a qualitatively reliable 33 estimate can be obtained from the thread pair correlation function evaluated at the Kuhn segment length , i.e., g d Ϸg(). Again in the limit of large N this leads to:
and āϭac 1 d/2Ϫ1/ . The contact value, which is a measure of intermolecular collisions, saturates at a N independent value for polymer fluids well above the semidilute crossover concentration. Significantly smaller melt values ͑typically g d Ϸ0.2-0.7͒ compared to dense simple liquids ͑typically g d Ϸ2-5͒ are obtained as monomers from different molecules are partially screened by the monomers of the probe polymer due to both the macromolecular connectivity and thermal conformational disorder. 68, 69 Microscopic PRISM calculations for chemically realistically modeled chain polymers have shown that the equilibrium structure of polymeric liquids exhibits a number of surprisingly general features. 2, 3, 68, 72 Just these more universal features of the liquid structure are captured in the thread model. Whereas the universal aspect of the correlation hole effect is expected the applicability of the thread model on more local length scales and the observation of rather detailinsensitive mesoscopic correlations are not yet fully understood. However, this success of the thread model for linear chains, and its analytic simplicity, motivate our generalization to different, fractal macromolecular architectures.
Due to the coarse grained nature of the thread model an a priori identification of the packing fractions, , or S 0 with the actual values of real experimental systems is impossible. As the segment excluded volume size is shrunk to zero, the connection of the packing fraction to the actual density is complicated. In order to find the physically relevant thread parameter ranges we use the following procedure. We fix a value S 0 fix to define the melt case for different fractal dimensions. 32, 33, 76 Fixing the static structure factor at zero wave vector may be viewed as a calibration or mapping procedure based on a measurable thermodynamic property, i.e., the dimensionless mean density fluctuations or isothermal compressibility. Under fixed pressure, temperature, and concentration conditions one physically expects S 0 is virtually independent of both N and fractal dimension. 2, 3, 68, 72 The thread model is used to calculate the local packing properties. First, the necessary packing fraction ͑or osmotic pressure͒ in order to achieve the intermolecular interpenetration required by this fixed compressibility is found from Eq. ͑27a͒. Then, the corresponding contact value g d is found from Eq. ͑27c͒. For the purpose of model calculations we fix a value S 0 fix ϭ50 to define the melt. 32, 33, 76 For chain polymers in a theta solvent, this calibration value has been used previously. 33 Equation ͑27a͒ then predicts a simple scaling relation, S 0 ϰ Ϫ2 , and quantitatively realistic values for the excluded volume interactions as has been discussed previously. 33 It correctly reproduces 33 both the crossover N e found in melt simulations, 73 and the mean squared intermolecular force felt by a probe polymer in a melt as computed using atomistic PRISM theory. In addition, the calibration procedure results in the experimentally correct prediction of power law polymer density scaling of static and dynamical quantities such as the plateau shear modulus all the way up to the melt. 33, 34 This parameter choice issue or ''mapping'' procedure will not affect our main goal of establishing the qualitative variations of the entanglement dynamics with fractal dimension since no adjustable equilibrium structural parameters are involved when macromolecular fractal dimension is varied. We have checked that of order 50% variations in the fixing value, S 0 fix , do not affect the results qualitatively. After calibrating all melts to have a fixed qϭ0 collective structure factor, S 0 Ϸ1/(Ϫ m c 0 ), Eqs. ͑27͒ determine the packing fraction and the contact value g d as a function of fractal dimension. In the stated limits, ͉N m c 0 ͉ӷ1 and ͉ m c 0 ͉Ӷ1, they lead to
Although the PRISM equations and the thread limit only deal with statistical averages of two point correlation functions, they indicate that the packing or interpenetration varies strongly with fractal dimension in accord with physical intuition. In order to achieve similar melt compressibilities the packing fractions have to be increased by roughly an order of magnitude when going from open structures, e.g., d F ϭ2 in dϭ3, to objects whose fractal dimension coincides with the spatial dimension they are embedded in, d F ϭ1/ϭd. Figure  1 shows
equal the segment density has to be dramatically increased in order to force the polymers to interpenetrate and suppress the intra-molecular correlations. In Fig. 1 the results of more microscopic PRISM calculations for some fractal dimensions are included. These numerical calculations solve Eq. ͑26͒ with finite hard core diameter, Dϭ, a PercusYevick excluded volume closure, c(rϾD)ϭ0, and the intramolecular structure determined from the finite summation, Eqs. ͑3͒ and ͑12c͒. Choosing a uniform lower melt calibration value, S 0 fix ϭ 35, is enough to ͑almost͒ collapse the thread and numerical calculations, which thereby justifies our use of the thread model within the framework of a Gaussian fractal model.
The trend of less effective intermolecular packing can also clearly be seen from the contact values g d . Figure 2 demonstrates an order of magnitude decrease in the contact value at fixed structure factor S 0 fix in dϭ3-dimensions as the fractal dimension is increased. Note that the coupling parameter ͑prefactor͒ of the RR model effective friction contains g d 2 Therefore, on general grounds ͑independent of the use of the thread PRISM͒ the theory predicts the crossover to entangled dynamics to be shifted to higher molecular weights because of the unavoidable physical fact that macromolecules of larger fractal dimension interpenetrate less. 
At d F ϭd the packing fraction which corresponds to our definition of the melt depends logarithmically on N for large N. Of course, for d F approaching the spatial dimension large finite N corrections to the asymptotic behavior are expected.
The numerical results of the full PRISM calculation, rescaled by a constant factor, are included in Fig. 2 and agree nicely with the thread results.
V. DYNAMICS OF ENTANGLED FRACTAL MACROMOLECULES
The dynamical equations of Section III are solved and discussed for different fractal dimensions focussing on spatial dimension dϭ3. In order to facilitate the presentation examples for some specific fractal dimensions are stated repeatedly. The ideal Gaussian random walk chain case serves as the known cornerstone. Other dimensions are chosen in order to indicate the breadth of variation with d F ϭ1/. Generally, but not exclusively, monotonic trends with d F are observed. Due to the existence of a lower limit, d F c , below which entanglement effects are inoperative in the theory (d F c ϭd/2), we will focus on the range 2рd F ϭ1/р3, which is the most experimentally relevant. This also allows one to use the thread-PRISM model for all fractal dimensions, as it is well defined for d F Ͼd/2.
A. Renormalized Rouse model predictions
The mode spectrum of the simplified RR model with a uniform friction function is identical to the one of the Rouse problem. 27 However, a frequency dependent friction coefficient, (RR) (z)ϭ1Ϫi⌳(z), enters, see Eq. ͑2a͒. Its dynamics is governed by the Rouse dynamics, which is characterized by the Rouse relaxation time, 44 ,45 R ϭN 1ϩ2 , and has the following limiting behaviors:
On intermediate time scales there is a power law decrease of the friction function, ⌳(t) ϰ t Ϫx , where xϭ((2 ϩ d)Ϫ1)/(1ϩ2) and xϭ3/4 for Gaussian chains in dϭ3-dimensions. The origin of such temporal behavior is fluctuating force contributions from intermediate length scales, 1ӷqӷ1/R g , where the macromolecule exhibits a self-similar structure. The anomalous diffusion which ⌳(z) leads to is directly connected to the self-similarity of the underlying equilibrium structure. Equation ͑29͒ also predicts 30 that the effects of entanglements on the dynamics
The RR model calculates the entanglement effects perturbatively and therefore is expected to apply to weakly entangled systems, or for strongly entangled systems at relatively short times. 28 An appropriate measure for the entanglement transition can therefore be obtained from equating the RR correction to the unperturbed Rouse friction. 33 Two such comparisons are possible from Eq. ͑29͒ and define either an entanglement crossover degree of polymerization, N c Ј or a crossover time, c . The former criterion implemented in the Markov (z→0) limit yields
At N c Ј , the molecule is of a size where the total friction exerted on its center-of-mass due to intermolecular excluded volume forces, or entanglements, has increased to the same level as the friction from fast microscopic degrees of freedom, which are described by the monomer friction coefficient, 0 . The crossover time scale, c , which follows from equating the self-similar spectrum in Eq. ͑29͒ to the monomer friction coefficient, ͉⌳(zϭ1/ c )͉ϭ1, measures when the short time, Rouse model breaks down due to the temporal build up of entanglement friction effects. In the spirit of an instability analysis, i.e., assuming that at this breakdown of the Rouse description one can still use it to estimate the mean squared displacement, Eq. ͑18͒, and the shear modulus, Eq. ͑21͒, a corresponding length scale, r c ϰ c /1ϩ2 and crossover degree of polymerization, N c , can be estimated The static PRISM input also allows the study of solutions, e.g., the prediction of the dependence of the entanglement parameters on density and solvent quality can be determined. 33 Reducing the density in the PRISM calculations corresponds to concentrated and semi-dilute solutions where an effective Gaussian assumption for the intramolecular structure is still employed with a density dependent segment length, ( m ), the details of which depend on solvent quality, fractal architecture, and chemical structure. 
where the dependence on an effective aspect ratio, (/D), is denoted as well. Compared to the relatively weak dependences for Gaussian chains in dϭ3 previously found 33 5 result. From the thread considerations it can be expected that rather large corrections to the simple scaling laws, Eq. ͑31͒, can be observed for fractal dimensions close to ϭ2/(2ϩd) and →1/d. It is also worth noting that the very coarse grained description of the fractal models employed in this work still captures some chemical structure features like the dependence on the local aspect ratio ⌫ϭ/D. It enters very strongly and is expected to lead to material dependent differences in the plateau shear modulus and the entanglement length in addition to the system-specificity inherent to quantities such as the segmental packing fraction ϰ m 3 . The surprising dependence of the entanglement quantities, Eq. ͑30͒, on degree of polymerization if fractal and spatial dimension are equal arises from a property of the PRISM equations mentioned in Section IV: logarithmically increasing with N densities are required in order to force interpenetration and equal bulk compressibility, S 0 ϰ N exp(Ϫd/a), in this case. Note, however, that the exponential density dependence clearly dominates for concentrated solutions and melts, as a(dϭ3)Ϸ1. 10 .
This extension of melt results to solutions clearly bears an important caveat, even for theta solutions, where Gaussian intra-molecular statistics is appropriate. The model of a solution obtained in this way does not include hydrody- namic interactions. The results therefore can be applied only if the hydrodynamic screening length is sufficiently small.
The assumption of Gaussian intra-molecular structure might seem to rule out predictions for good solutions, where the long range excluded volume interactions drastically change the intra-molecular structure. However, using the blob picture developed by de Gennes 2 and the Cates and Muthukumar extension of the Flory approach to the excluded volume effects of fractal molecules, 44, 45 further progress is possible. As done for Gaussian chains, the de Gennes blob picture can be incorporated into the thread-PRISM calculation by identifying the effective segment length scale with the blob size, 33 b . The central idea is to consider the solution of self avoiding fractals as a melt of Gaussian fractals of larger units, the so-called blobs. 2 Within the blob, the molecule is swollen due to the excluded volume interaction, the melt of blob-molecules, however, is ideal, following Flory's argument. Therefore, the thread-PRISM equations, which are input with Gaussian structure, are considered to describe macromolecules made up of blobs and the length scales entering them, i.e., , are identified with the blob size, b . The intermolecular excluded volume condition, g(rϽD)ϭ0, in this case presumes that the molecule is in the dilute, self avoiding limit within the blob. 
dϩ2dϪ2 . ͑32͒
In contrast to the weak density dependence, b ϰ m Ϫ1/8 , for Gaussian chains in dϭ3-dimensions, 2 stronger dependences are found for more dense fractal molecules, e.g., b ϰ m Ϫ1/3 if d F ϭdϭ3. The results for the density dependence of the crossover quantities characterizing the entanglement effects in good solvents can now be obtained from Eq. ͑30͒ by replacing the monomer length scales, D and , with the blob size, Eq. ͑32͒
Comparing the predicted density dependences for theta solutions, Eq. ͑30͒, and good solvents, Eq. ͑33͒, only relatively small differences are observed for Gaussian chains. For ϭ1/2 in good, dϭ3-dimensional solutions, r c ϰ m Ϫ3/4 , N c ϰ m Ϫ5/4 , and G c ϰ m 9/4 , are found. 33 For denser objects, however, good and theta solvents cases differ more because of the larger swelling in the intra-molecular equilibrium structure. The effective packing fraction, ϰ m b d , in thetasolvents, depends more weakly on monomer density for more compact objects,
For example the following dependences hold, r c ϰ m Ϫ14/17 , N c ϰ m Ϫ25/17 , and G c ϰ m 42/17 for a fractal dimension d F ϭ1/ϭ5/2 in a 3-dimensional good solvent, and even for d F ϭ1/ϭdϭ3, the exponential density dependence is removed resulting in r c ϰ m Ϫ14/27 , N c ϰ m Ϫ5/9 , and G c ϰ m 14/9 for a good solvent. Again, it has to kept in mind, that hydrodynamic interactions are neglected in these results.
It is easily possible to obtain all the dynamical quantities listed in Section II within the RR model. As is well known from prior work on linear chains, one finds strong corrections to the Rouse dynamics but not a qualitatively correct description of strongly entangled systems. 27 Only the PMC model leads to a strong enough slowing down of translational diffusion and the internal conformational modes to correctly predict the N-dependence of the centerof-mass diffusion constant and a two step process in the intra-molecular stress relaxation. The only dynamical input to the PMC theory is the friction function ⌳(z) of the RR model. Thus the results of this subsection allow the derivation of the entangled dynamics predictions of the PMC model.
Previous analysis of the RR or PMC model has used slightly different technical approximations for the dynamics entering the respective memory functions. Our analysis is in agreement with the usage of Ref. 30 except for negligible differences in the numerical prefactors and of the final decay in ⌺(t), which will be commented on below.
B. Time scales and transport coefficients of the polymer mode coupling theory
The dynamics of entangled macromolecules in the large N limit is described by the PMC model, which is defined by the memory functions ⌺(z), Eq. ͑17b͒, affecting the centerof-mass motion, and m (z), Eq. ͑19͒, describing the dynamics of the internal modes. The latter can be separated into a uniform contribution, ⌺Ј(z), and a mode-dependent part, M (z), if the approximate expression Eq. ͑24d͒ for the intramolecular structural density of states is used; i.e., m (z)ϭ⌺Ј(z)ϩ 1ϩ2 M (z) where
The difference between ⌺(z) and ⌺Ј(z), which has been neglected in previous studies, arises due to different approximations in diagonalizing Eqs. ͑1͒. As will be shown below, however, this has nontrivial consequences only for the final long time tail of ⌺(z) which is of essentially no practical significance. For entanglements, the shortest time scale of interest is the crossover time, c , determined in Eq. ͑30b͒. For longer times, or smaller frequencies, ͉⌳(z)͉ӷ1 follows in Eq. ͑34͒, i.e., the bare friction is negligible. In the Rouse problem, there enters the familiar Rouse time, 44, 45 which scales with degree of polymerization as R ϭN 1ϩ2 . Another, longer time scale, RR , arises in the RR model. It is the characteristic relaxation time for the contributions to the PMC force fluctuations arising on the length scale of the macromolecule 27, 30 RR ϭc 4 N 3Ϫ͑dϪ2 ͒ . ͑35͒
The RR time scale shows up in the long time dynamics only as a crossover time, where the longest lasting, small ( ϰ 1/R g ) wave vector contributions to the PMC-friction functions start decaying. Due to the small weight of these long wavelength modes in the uniform memory functions, ⌺(z) and ⌺Ј(z), no new, longer time scale results from them. As will be seen later, however, the M -memory function leads to a new, longest time scale, D , which dominates the internal mode relaxation and can be defined from the Markovian limit 28 31, 32 Another quantity of interest is the center-of-mass translational diffusion coefficient, D, which can be obtained from the ⌺-memory function in the Markovian limit 28, 30 1/DϭЈN 5Ϫ2d c 4 2 . ͑38͒
The scaling, D ϰ N Ϫ2 , for Gaussian chains in dϭ3 dimensions is recovered, and again larger exponents are observed for smaller ; e.g., D ϰ N Ϫ13/5 for d F ϭ5/2 and D ϰ N Ϫ3 for d F ϭ1/ϭd. The density and statistical segment length scaling of the diffusion coefficient can simply be obtained from D , Eq. ͑37͒, by noting that the product of diffusion coefficient and internal time scale divided by R g 2 depends on fractal and spatial dimension only, but not on other structural parameters
This ''Stokes-Einstein'' like ratio shows that in the PMC model the slow dynamics of different processes is connected by an underlying common diffusion process determining the friction. This feature is in agreement with the reptation/tube model; indeed, the ratio D D /R g 2 is predicted to be 1/4 by the tube model which is remarkably close to the PMC prediction of Ϸ0.2 ͑see Fig. 4͒ . As two different memory functions, ⌺ and M , determine D and D, respectively, this result is non-trivial and can be traced back to the use of the coherent single macromolecular dynamic structure factor of the RR model in the PMC friction functions. The above ratio is shown in Fig. 4 and varies monotonically with fractal dimension but only by a factor less than 3. Let us recall that time scales in this section are given in units of 0 ϭ 2 /dD 0 ; using the dimension-carrying, experimental variables D , D and
It is this ratio which is shown in Fig. 3 .
Before proceeding to discuss finite frequency properties, it is instructive to compare the above asymptotic large N predictions of PMC theory with the analogs of the reptation/ tube approach. If the Gaussian fractals can be thought of as linear, flexible polymers, the most naive generalization of the tube model ansatz makes the prediction
since the terminal relaxation is driven by the destruction of the tube of contour length L ϰ N via the coherent reptative motion of the probe polymer described by the center-of-mass diffusion coefficient of the Rouse model, Rouse laws are recovered. Thus for ideal linear chains entanglements are predicted to be inoperative above 4 spatial dimensions. Let us also note that this prediction clearly shows the different physical contents of the PMC theory as compared to the cooperative cluster theory of Douglas and Hubbard, 7 where the Rouse model is recovered in the limit d→ϱ.
There is a simple geometric interpetration of both the N-scaling and the prefactor Ј of the diffusion constant in Eq. ͑38͒. It is based on the formally exact relation
where,
From Eq. ͑17b͒ one can write ⌺(zϭ0) ϰ (g d N 2Ϫd ) 2 . The quantity N 2Ϫd is proportional to the number of binary contacts between a pair of interpenetrating fractals in d dimensions. The factor g d quantifies the intermolecular contact probability or strength of the local excluded volume forces. Thus, the entanglement friction contribution is proportional to the square of the product of these factors, a connection which appears natural because the four point force-force correlation function in Eq. ͑41͒ describes excluded volume interactions or constraints exerted on two probe segments by the surrounding matrix. Equations ͑37͒ then follow immediately from the diffusion-like relation that D ϰ R g 2 /D. The latter corresponds to the intuitive idea that global macromolecular and stress relaxation is coupled on a time scale proportional to the time required for the probe to diffuse a distance of order its size. The irrelevance of entanglements 
C. Finite frequency predictions of PMC theory
Using the result, Eq. ͑29͒, for the RR-friction function, ⌳(z), one can easily find the leading asymptotes of the PMC-memory functions in the different time windows. At the shortest times, tӶ c , the dynamics is dominated by the local unentangled Rouse modes, as discussed in the next section. Only results which are ͑qualitatively͒ unaffected by them will be listed below. For the center-of-mass memory function one finds the following leading order behaviors:
, where xϭ ͑dϩ2 ͒Ϫ1
1ϩ2 . ͑42a͒
The Laplace back-transformation to ⌺(t) can easily be done for these power laws using:
x . The fractal time exponent, x, in Eq. ͑42a͒ again arises from the self-similar equilibrium structure on intermediate length scales. It equals xϭ3/4 for ideal Gaussian chains, 30 and drops to xϭ2/5 for d F ϭ1/→dϭ3. The final crossover in ⌺(z) to the Markovian limit for small frequencies is governed by the long time tail in ⌺(t). The rather rapid behavior, ⌺(tӷ
, leads to almost regular behavior in ⌺(z) for z RR Ӷ1. From Eqs. ͑2a͒ and ͑29͒
⌺͑z ͒→͑ i/ND͒͑1ϩiā͑Ϫiz
RR ͒ϩibN
These results immediately determine the center-of-mass motion via Eq. ͑17a͒. Anomalous diffusion is found in a broad, N-dependent intermediate time window, c ӶtӶ RR , where the center-of-mass mean squared displacement increases from ⌽( c )Ϸr c 2 to ⌽(
Due to the relatively weak coupling of the internal modes to the center-of-mass, simple diffusive behavior is found already for distances smaller than the size of the molecule ͑in the asymptotic large N limit͒. Equation ͑43͒ also justifies the use of D as center-of-mass translational diffusion coefficient in Eq. ͑38͒. In dϭ3 dimensions the anomalous diffusion varies in the range t 
It exhibits an even weaker long time tail, ⌺Ј(tӷ
/N. As expected from the discussion of the internal self-similar structure and the resulting spectral densities, the uniform drag described by ⌺ or ⌺Ј is identical, as long as it is dominated by the internal degrees of freedom. Small differences only are found when the long range, lowest lying contributions in the wave vector integrals dominate, i.e., for z RR Ӷ1. Most importantly, however, the scaling of the zero frequency transport coefficient is identical, DϰDЈ.
The M -memory function describes entanglement effects on the internal mode dynamics relevant to stress and conformational relaxation and differs drastically from the uniform friction functions ⌺ and ⌺Ј. This mathematically arises from the large weight attributed to the small wave vector range (qR g Ϸ1) in the integration in Eq. ͑34b͒ arising from the connectivity constraints which enter via ␣␤ Ϫ1 (q) in Eq. ͑4a͒.
Up to times of the order of RR , M (t) is effectively frozen and the arrested part of C (t) decays exponentially
where the uniform relaxation rate is obtained for intermediate modes, ӷ c Ϸ /N; the constant is uϭc 2 (2ϩ1)
The final dynamics in the PMC correlator over a wide frequency range differ drastically from the Rouse or RR-model results, as the dominance of the internal memory function, M (z), causes the mode-dependence to cancel for internal modes. A rather non-trivial consequence, ultimately of the Fourier transformed structural correlations, q in Eq. ͑19͒, is the arrest of the internal modes for intermediate times, in conjunction with only smaller slowing down of the center-of-mass motion. This prediction of continued ͑but anomalous͒ translational diffusion, but near complete arrest of orientational and stress relaxation, is the hallmark of entangled dynamics and is in qualitative agreement with the reptation/tube ansatz.
The averaged segmental mean squared displacement, Eq. ͑18͒, can easily be obtained from the limiting results of the memory functions, Eqs. ͑42͒, ͑44͒, and ͑45͒. Manipulating Eq. ͑18͒ to
the different frequency windows can be identified and the asymptotic expansions used to find the leading terms in (t). Laplace back-transforming to the time domain one obtains
͑47͒
The averaged monomer mean squared displacement follows the center-of-mass motion only for times longer than the terminal relaxation time, D . D can also be determined by ( D )ϭR g 2 The cut-off, c ϰ /N, introduced into the spectral density affects the time window RR ӶtӶ D only. This stresses that the diffusion for shorter times is caused by the self-similar macromolecular structure. The anomalous exponents for Gaussian chains in dϭ3-dimensions have been derived previously, 30 , and can be compared to the predictions from the reptation model, t 1/4 for c ӶtӶ R and t
A more strongly hindered dynamics in the PMC model for short times is evident, although this conclusion unambiguously applies in the hypothetical N→ϱ limit, only. For more compact fractal objects, the short time dynamics is even more sluggish, as the denser structure apparently results in more entanglements due to enhanced contacts; for example, t The averaged mean squared displacement, (t), also determines the incoherent dynamic structure factor in the Gaussian approximation, Eq. ͑10͒. The coherent intramolecular structure factor in the PMC model exhibits the required center-of-mass diffusion in the long time and small wave vector regime coh ͑ q,t ͒→Ne
In the self-similar range, qR g ӷ1, Eq. ͑23͒ shows that a reasonable approximation for coh is
Corrections to the second approximate result can only be studied numerically. As discussed previously, 27,28 the use of a linear equation-of-motion theory, and hence a Gaussianprocess description, is more uncertain for nonlinear, q-dependent correlation functions such as inc (q,t) and coh (q,t). The arrested amplitude in the PMC correlator, C , also leads to the appearance of a plateau in the shear modulus for intermediate times, c ӶtӶ RR . As the arrested amplitude in C is much larger than the dynamical part, ͉⌬ (t)͉ӶC (t) for internal modes in this time window, one can expand any correlation function which is a polynomial in C , e.g., the stress modulus, Eq. ͑21͒, or the radius of gyration correlator, Eq. ͑22͒. It is an unrealistic result of the PMC model that even very local modes, Ϸ, are arrested by the entanglements, which only are effective for length scales larger than r c , as has been seen in the RR analysis. Therefore, the mode independent static amplitudes in C (t) are cut off at a mode index /N e , where for simplicity we identify N e ϭN c from Eq. ͑30͒. For intermediate times the entanglement plateau in the shear modulus, G(t)ϷG c , follows. Including the dominant time dependent corrections, the PMC model predicts
The power law tails of the memory functions, Eqs. ͑42͒ and ͑45͒, introduce frequency dependent relaxation in the plateau region. Physically, this corresponds to the early stage of the disentanglement process associated with the anomalous segmental diffusion and small scale polymer shape fluctuations. Fractal power laws can be observed in the loss, GЉ(), and the storage, GЈ(), part of the shear modulus. The contributions from ⌺Ј(z) in Eq. ͑49a͒ can be viewed as the low frequency wing of the glassy, or microscopic, dynamics which peaks at higher frequencies. ͑This already indicates that local modes, discussed in the next section, will hide this contribution.͒ The dynamic part of the internal memory function, i.e., (z), describes the high frequency wing of the final entanglement decay centered around D Ϸ1
GЈ͑ ͒ϪG c ϰGЉ͑ ͒ϰ
where Ϯ denotes the two cases, GЉ and GЈ, respectively. For Gaussian chains in three dimensions, ϭ1/2 and dϭ3, the power laws, GЉ() ϰ /N 9/8 in the second region had been found previously. 30 In the limit of d F ϭdϭ3, lower dynamical amplitudes and somewhat different exponents are found, GЉ() ϰ 
which lies in the range 0.2Ϯ 0.05 for 1/3рр1/2 and dϭ3.
In time space this predicts that the initial decay below the plateau modulus is described by the fractal law:
The decay of G(t) onto the plateau or the range in GЈ and GЉ where GЈ ϰ GЉ ϰ ␦ and ␦Ͼ0 is driven by the local modes, Ͼ/N c , which will be discussed in the next section. As all internal modes which contribute to the shear stress relax for times larger than RR with a uniform rate, Eq. ͑46b͒, the shear modulus simplifies to an exponential process
The shear viscosity in the large-N-limit, neglecting corrections from shorter times simply follows from this 
In contrast with the stress relaxation, the dominance of the lowest lying internal modes in P(t) interestingly leads to the memory function ⌺Ј dominating the slow initial relaxation of P(t) away from its initial plateau. The high frequency wing of the main relaxation peak in P(t) at D follows from Eqs. ͑42͒ and ͑44͒
The exponents for the power laws describing Gaussian
N Ϫ5/4 and P () Љ / P(t ϭ 0)ϰϪ3/8NϪ23/16, astonishingly are not too far from the exponents exhibited by the shear modulus, although their origin within the theory is totally different. This accidental similarity does not hold for d F ϭdϭ3, where one finds
and
N Ϫ107/75 in the first and second time window, respectively. The predicted power laws are expected to be relevant to dielectric loss measurements. The final relaxation of P(t), of course, is influenced by the lowest eigenmodes of the molecule. Extending the mode-independent exponential long time law, Eq. ͑46b͒, down to global modes, Ϸ c Ϸ/N, one misses prefactors which are slowly varying compared to the dominant exponential relaxation
The non-exponential dynamical behavior of P(t) in the intermediate time window results from the uniform drag function, ⌺Ј, which has a short, microscopic characteristic frequency. Therefore, the crossover to the exponential relaxation in Eq. ͑50c͒ is expected to be observable more easily than the corresponding crossover in G(t), Eq. ͑49c͒, which requires times long compared to the characteristic time of M (t), which is of the order of RR .
D. Finite N corrections and model calculations
In the previous sections, the limiting results of the PMC model for large degrees of polymerization, N, were presented. Experimentally, ratios of N/N c р300 have been achieved for entangled linear chain polymer liquids, with values of N/N c Շ 100 a common upper bound. 6 In attempting to compare the results of the previous section to experiments, one has to take into account the possibility for significant finite N-corrections. Also, it is expected that the entanglement effects captured in the PMC model should not affect the very local and fast dynamics. Therefore, no results for times shorter than the crossover time c have been reported in the previous sections. These questions have been addressed recently by switching off the PMC-memory functions for high, local modes. 31, 32 These studies, where m (z)→⌰(/N c ЈϪ)m (z) is one simple choice of an abrupt cut-off, were performed numerically and lead to results which compare favorably with shear stress and other measurements in chain polymer solutions and melts. 31, 32, 76 In the present work, we want to incorporate the most important qualitative corrections into the analytic large N results in a simple, semi-quantitative way. We use the above cut-off procedure, and choose N c ЈϭN c for simplicity, describing the high modes according to the bare Rouse model, C (t)ϭe Ϫ 1ϩ2 t/c 2 for Ͼ(/N c ). The center-of-mass motion is not affected by this cutoff procedure. The translational diffusion coefficient for small N will be close to its Rouse value, D R ϭ1/N, not the asymptotic prediction of Eq. ͑38͒. Equation ͑17a͒ suggests a sensible naive interpolation:
where N D is defined from Eq. ͑38͒. Of course, finite N corrections which may be important in the crossover regime from Rouse to strongly entangled behavior are ignored by this formula. Fig. 3 . More dense fractal objects follow the Rouse-like behavior in the diffusion coefficient up to higher degrees of polymerization than Gaussian chains. This results from the faster decay of the vertices in the PMC-memory functions, i.e., ⌺(z) in this case, in the self-similar region of the collective structure of the macromolecule, q ϰ q Ϫd F , for qR g ӷ1. This effect in the prefactor can even cancel the stronger N-scaling of the entanglement friction found for more dense fractal macromolecules. The comparison in Fig. 5 of diffusion coefficients for different fractal dimensions plotted versus degree of polymerization shows that in the typical, experimentally accessible range (N/N D Ͻ100) differences between the curves of less than half a decade are obtained. Only for N's higher than order NϷ10 3 (N/N D Ϸ300 for ideal Gaussian chains͒, do the large N-scaling powers dominate over the prefactors.
Whereas the local modes do not affect the center-ofmass motion, the averaged mean squared displacement, (t), is dominated by them at short times
which leads to the appropriate unentangled Rouse-like motion at short times
The dynamics of the local modes dominates over the PMC result,
for tӶ c and completes the results for (t) in Eq. ͑47͒. As the results for (t) for longer times are dominated by the broad range of internal modes, small corrections because of the cut-off are found there. This also holds for the radius of gyration correlator, P(t), since the static amplitude factors imply that it is dominated by the long range modes (Ӷ/N e ) of the macromolecule. The shear stress, G(t), is affected by the local modes more strongly. All internal modes contribute equally to Eq. ͑21͒, and consequently the corrections of the local modes cannot be neglected. The contribution of the local modes, ⌬G(t), has to be added to the PMC-shear modulus and again dominates for short times or high frequencies
The unentangled local modes give rise to the low frequency wing of the glassy or segmental relaxation peak in the shear modulus. The crossover from this N-independent spectrum to the high frequency tail of the entanglement relaxation process gives rise to a minimum in the loss shear modulus. A simple additive interpolation formula is given by
Only for large N, the second power law in the frequency range 1/ R ӶӶ c , see Eq. ͑49b͒, will be observable as well. For smaller frequencies, the low frequency wing of the minimum crosses over to the power law in the second time window of Eq. ͑49b͒. Figure 7 shows the storage and loss parts of the shear modulus for fractal dimensions d F ϭ1/ϭ2 and d F ϭdϭ3. With increasing degree of polymerization the storage modulus arrests more completely at its plateau value, whereas the minimum in the loss modulus becomes deeper and shifts to lower frequencies. The minimum position and loss value, G min Љ ϭGЉ( min ), exhibit the following trends: 
and G min Љ ϰN
For ideal Gaussian coils in dϭ3 dimension this predicts
, whereas for d F ϭ1/ϭdϭ3 G min Љ ϰ min 3/5 ϰ N Ϫ10/7 follows. Consequently, the loss tangent, i.e., the ratio tan␦ϭG min Љ /G min Ј , scales more strongly with N for higher d F , as follows from Eq. ͑53d͒. From the numerical prefactors in Eq. ͑53c͒ it follows, as can be seen in Fig. 7 , that roughly the same ratio N/N in the experimentally relevant N-range is required for the different fractal dimensions in order to achieve an observation of a roughly equal entanglement plateau effect, characterized by the frequency window in which GЈ()ϾGЉ(). For ideal Gaussian chains the required N values to observe the onset of the plateau compares nicely to experimental results. 6, 58 However, depends sensitively on the prefactor in Eq. ͑53c͒, which has been calculated using the coarse-grained thread-PRISM model, and reinforces the need to study the nonasymptotic correction numerically. 31, 32, 76 Eq. ͑53c͒ breaks down at higher frequencies, where it crosses over to the glassy peak, but also at lower frequencies, due to the terminal relaxation step. For the sake of demonstration, in Fig. 7 the window of validity of Eq. ͑53c͒ is estimated by extending the curves down to .
͑53e͒
The degree of polymerization, N , where the viscosity crosses over from the Rouse limit to the entangled limit is implicitly defined by Eqs. ͑49d͒ and ͑53e͒ and included in Fig. 3 . The values of N and N c are rather close for all fractal dimensions. As shown in Fig. 6 , and also found for the diffusion coefficients, strong cancellation effects between the prefactors and the N scaling powers are obtained when comparing viscosities for different fractal dimension. Although the exponent of the scaling with N increases for increasing fractal dimension, the prefactor in Eq. ͑49͒ or ͑53e͒ largely counterbalances this leading to effectively smaller viscosities for intermediate N.
Only for degrees of polymerization exceeding the range 10 3 to 10 4 (N/N Ͼ50Ϫ300), does the large N-scaling prevail. Again, this result is tied to the behavior of the vertices in the PMC-memory functions in the intermediate, self-similar wave vector regime.
A sensitive measure of these crossover issues is the Stokes-Einstein ratio, D, which experimentally also has the advantage of being independent of the monomeric friction coefficient. Its asymptotic value, D ϰ R g 2 follows from Eq. ͑39͒, and for finite N its shape depends strongly on both the numerical values of the crossover degrees of polymerization, and other finite N-corrections which are not contained in our description. Figure 8 shows that within our simplified crossover description, in the experimentally accessible range N/N c Ͻ100, ideal Gaussian chains have a somewhat higher mobility than the more compact macromolecules of larger fractal dimension.
In principle, the full dynamics of Eqs. ͑16͒ to ͑23͒ can be worked out for finite degrees of polymerization, N. However, numerical implementations of the full PMC equations using realistic equilibrium static structure factors show that further finite-N corrections arise. 31, 32, 76 Therefore, a complete quantitative description of the intermediate N region is beyond the scope of this paper. 
VI. DISCUSSION
The results of the RR and PMC models for ideal Gaussian chains, ϭ1/2, in three dimensions, have been discussed previously 31, 32 and will be taken as a reference point for the new results. Clearly, the major achievement of the present approach is to describe, starting from microscopic force-balance equations, how universal entanglement effects arise for polymers of different macromolecular architectures. Linear response dynamical correlation functions have been calculated. As the theory uses linear Langevin equations with non-Markovian and normal mode dependent memory functions, correlation functions linear in the segment positions provide stringent tests. Correlators of non-linear variables, like the coherent intramolecular dynamic structure factor, can also be obtained but only with extra Gaussian approximations. The approach incorporates an integral-equation description of the equilibrium structure of polymer melts ͑PRISM͒ and determines the dependence of non-equilibrium quantities, such as the shear stress plateau value, on equilibrium liquid parameters, such as fluid density and local aspect ratio. These dependences have been reported as scaling proportionalities but fully quantitative results based on the full PRISM equations can, in principle, be discussed. The osmotic pressure for the fractal polymer systems can as well be obtained from the solution of the thread PRISM equations via integrating the inverse compressibility:
, and in good solvents ⌸ ϰ m 2d(ϩ1)/(dϩ2dϪ2) , which reproduces the well established scaling forms for semidilute chain polymers in good (⌸ ϰ m 9/4 ) and theta (⌸ ϰ m 3 ) solvents in dϭ3 dimensions.
2,33
For several reasons, we believe the dynamical results provide new insight into the origin of entanglements within our theoretical description. First, as has been discussed for the Gaussian chain case, 27, 30 pairwise excluded volume interactions and intramolecular connectivity enforce the uncrossability constraints and lead to corrections to the unentangled Rouse results. The corrections scale like the number, Z, of binary two-molecule contacts within the volume given by the size of the molecule, Z ϰ N 2Ϫd . Strong entanglement effects therefore arise for fractal dimensions above a threshold, 30 d F ϭ1/Ͼd/2. As discussed in detail in the Appendix, polymers scaling like rods, R g ϰ N, fall below this threshold and qualitatively different effects, like the absence of the plateau in the shear modulus, are obtained. Although the experimental 53 and simulation data 54, 55 provide no fully convincing picture, this prediction of PMC apparently is incorrect; it strongly differs from the reptation/tube results. 3, 83 Within the theory the lack of entanglement effects for rodlike macromolecules ͑or for Ͼ2/d in general͒ can be traced back to the vanishing number of internal modes. The theory approximates the slow intermolecular, fluctuating forces by their overlap with, and the dynamics of, the self-similar spectrum of internal modes as they contribute to the single molecule structure factor. This misses special topological entanglement effects as is shown for Gaussian rods in the Appendix. However, this does not invalidate the approach to flexible polymers or to semiflexible ones, as long as the persistence length is small compared to the crossover length r c . For Ͻ2/d it appears unlikely that the effects of low lying modes, i.e., rotation, which dominate the rigid rod entanglements, will be important compared to the slowing down of the broad band of internal modes.
Second, as is intuitively expected, entanglements are effective only if different macromolecules can interpenetrate. This becomes more difficult for objects with a fractal dimension approaching the dimension of the space they are embedded in. In the present approach this is predicted by the increase in the packing fraction, , required to obtain similar melt structures, i.e., identical ͑normalized͒ bulk compressibilities in our case. Accompanying the change in is a decrease in the contact value of the pair correlation function, which is a local measure of the binary collisions. 27, 62 Consequently, entanglement effects are predicted to be present even in the extreme case of equal fractal and spatial dimensions. However, the necessary densities to force interpenetration turn out to be so high ͑see Fig. 1͒ that experimental detection appears impossible. This agrees with the experimental observations that rather dense fractal micro-networks, 17 d F Ϸdϭ3, and computer simulations of Gaussian chains melts in two dimensions 56 appear to show no entanglement effects. The connection of the theoretical results to experiments on melts of non-interpenetrating, nonfractal micro-gels, 16 which exhibit entanglement effects strikingly similar to linear chains, is unclear at present. As briefly mentioned in Section V B, for swollen Gaussian polymers with fractal dimension d F ϭ 4 3 in two dimensions the theory predicts that the diffusion coefficient scales like D ϰ N Ϫ2 . This exponent agrees well with a recent simulation of linear, self-avoiding walk polymers in a two dimensional system of obstacles in the limit of a high density of obstacles. 74 It should be noted that here the seeming agreement with the reptation exponent is misleading as the correct reptation prediction 30 would be
. Third, transport coefficients, like the diffusion coefficient or the shear viscosity, are predicted to scale with molecular weight with exponents varying in between Ϫ2 and Ϫ3, and 3 to 11/3, respectively, for fractal dimensions of d F ϭ2 to d F ϭ3 in three dimensions. The prefactors, related to microscopic structural properties such as and Ј, determine the crossover degrees of polymerization, N D and N . They, however, show an opposite trend. This cancelation, or compensation, effect is physically significant and directly results from the self similar range in the intra-molecular structure where q ϰ q Ϫd F . Calculated diffusion coefficients or viscosities for different d F are rather close for molecular weights which lie in the range of present day experiments. This prediction agrees qualitatively with the comparison of viscosity data for polystyrene linear chains and rings, where similar magnitudes but slightly higher exponents for ring macromolecules are reported. 11 The product D is a sensitive parameter for the dynamics of different fractal macromolecular melts. In the crossover N range consistently larger values of D for ideal Gaussian chains are obtained than for the macromolecules characterized by larger fractal dimensions.
The ratio D D /R g 2 asymptotically becomes N-and chemistry-independent, and only depends weakly on spatial and fractal dimensions. This demonstrates that an underlying diffusive transport process dominates the relaxation of the entanglement friction in the PMC model, in qualitative accord with the reptation/tube model. The generality of the microscopic description based on ensemble-averaged correlation and memory functions, however, precludes easy visualization of the macromolecular motion at the N-body, trajectory level addressed by the phenomenological tube model approach.
The hallmark of entanglements, a nearly elastic response in an intermediate time window but continuous, anomalous translational diffusion, is obtained in the theory for different fractal macromolecules if they interpenetrate. It arises from the arrest of internal modes which lie in the self similar regime of the intra-molecular structure. The resulting plateau value of the shear modulus varies little with fractal dimension. The loss tangent, tan ␦ϭG min Љ /GЈ( min ), however, depends more strongly on degree of polymerization for denser ͑fractal͒ macromolecules. These trends are also present when comparing the experimental results of the denser, non-fractal micro-gels ͑tentatively modeled with a fractal dimension d F Ϸ3) and their linear chain analogs. 16, 58, 59 Fractal power law relaxations are superimposed on the arrested contribution, the effective temporal exponents of which are tightly connected to the equilibrium fractal structure. The observation of rather universal shear spectra in this intermediate frequency window for linear chains 58, 59 and cyclic polymers 10 supports this physical picture of entanglement formation and the early and intermediate stages of the disentanglement. Unfortunately, the experiments on polymer rings do not extend to high enough molecular weights to clearly detect the difference in the shear spectra expected from our results and the conjecture d F ϭ5/2 for rings in melts. 46, 47 Compared to the reptation prediction of an exponent 1/2 for the high frequency wing of the shear loss modulus (GЉ ϰ Ϫ1/2 for D ӷ1), the PMC predictions of exponents of approximatively 0.2 to 0.25 for ideal chains in dϭ3 dimensions are in much closer agreement with the experiments. 10, 16, 58, 59, 77 As discussed in Refs. 31 and 32, and work in progress 76 shows, the shape of the shear modulus spectra, GЈ() and GЉ(), of linear chain melts can be extremely well described by the present theory, especially when finite N corrections are numerically taken into account.
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In the case of interacting Gaussian rods the dynamical matrix of segment positions results from center-of-mass motion, ⌽(t), rotation, Rot (t), and their cross-coupling, ⌬(t). In the PMC model the dynamics of translation and rotation is described by a 2ϫ2 matrix system of coupled equations, which are obtained when projecting Eq. ͑1͒ onto the appropriate directions. In the case of a single freely moving Gaussian rod, the results are well known The final approximation in Eq. ͑A3͒ agrees qualitatively with the exact result for the non-interacting case in all limits. Due to the missing internal modes, the dynamics structure factor relaxes diffusively for all wave vectors. The Rouse dynamic structure factor enters the RR-friction function, ⌳(z) in Eq. ͑2a͒, which is given by
where ϭ/S 0 .
The static structure factor will be discussed below.
In the memory functions of the PMC model the scalar products of the translational and rotational eigenvectors with the inverse intra-molecular structure factors are needed, e.g., V CM T Ϫ1 V CM . Note that the density of states, Eq. ͑24b͒, can-not be used for these projections as it correctly describes the distribution of the eigenvalues only. Here, however, the exact projections on the eigenvectors of the two lowest lying states are needed. Fortunately, for Toeplitz matrices the problem of calculating the matrix inverse simplifies considerably. [78] [79] [80] The inverse of a symmetric and real, N-dimensional Toeplitz matrix, (␣Ϫ␤) , has the following structure
where the matrices L 1 and L 2 are lower triangular matrices determined from N numbers, x ␣ with ␣ϭ1,...,N The numbers x ␣ are the elements of the first row of the inverse matrix and can be found from Yule-Walker equations 79, 80 ͚ ␤ϭ1 N ͑ ␣Ϫ␤͒ x ␤ ϭ␦ ␣,1 for ␣ϭ1, . . . ,N. ͑A5c͒
One can use the Levinson algorithm 79 in order to prove that the inverse of the Gaussian rod intramolecular structure matrix, ␣␤ (q)ϭ f (␣Ϫ␤) 2 , can be obtained from 81
The ill-conditioned nature of the inverse appears in the small q asymptotes, x ␣ ϳq Ϫ(NϪ1) for q→0. The ill-behavior is caused by the singular nature of the intra-molecular elastic matrix, ⌫, and a direct consequence of the existence of only two degrees of freedom in the rod molecule. It necessitates the use of the exact inverse in order to cancel the contributions from the internal modes, pу2, which acquire infinite spring constants in the limit q→0.
The cross-coupling vanishes in the asymptotic limits, V Rot T Ϫ1 V CM →0 for qR g →0 and qR g →ϱ. Therefore, the memory function coupling translational and rotational dynamics can be neglected to a good approximation and the dynamics decouple. This leads to Eq. ͑17a͒ for the center-ofmass motion and for the rotational correlator one obtains The memory functions appropriate for entangled rods follow with a simple interpolation of the asymptotes and are influenced by the melt structure as discussed below. Few binary contacts result from the very open intramolecular structure of Gaussian rods, q ϰ1/q for qR g ӷ1. Consequently, the RR and PMC-memory functions are dominated by the molecular weight independent local static structure, simplistically described by an wave vector upper cut-off q c . No intermediate time windows of anomalous dynamics open up, where either translation or rotation are effectively frozen. The characteristic times of the memory functions are easily found to be ϳN/q c 2 . Except for minor, rapidly decaying long time tails, the effects of the RR and PMC memory functions is to provide an extra, molecular weight and density dependent contribution to the friction coefficient affecting diffusion coefficient and rotational time in the same way
The spatial dimension is restricted to dϭ3; logarithmic dependences on the degree of polymerization result in dϭ2.
The numerical constants, a and ã, are of order unity. Equation ͑A8͒ is expressed using the standard physical parameters of rod length, LϭN, and rod concentration, ϭ m /N. The intermolecular equilibrium structure enters Eq. ͑A8͒ via the contact value of the pair correlation function, g d , and the qϭ0 value of the repulsive direct correlation function, c 0 . It can easily be argued that both parameters are density and molecular weight independent, since the relevant density range is limited by the occurrence of the isotropic to nematic phase transition of rod molecules 3 at a reduced density of order unity. L 2 Ͻ1. From the PRISM equations ͑26͒ and assuming a finite direct correlation function, one can see that for such low densities the collective structure factor differs little from the intra-molecular one, S q Ϸ q . This aspect was already used in Eqs. ͑A4͒ and ͑A7͒. Using a cut-off in the thread-PRISM equations ͑27͒ shows that c 0 is of order unity for rods described by the fractal intra-molecular structure of Eq. ͑A3͒. Similarly, the contact value g d is found to be small, but of order unity. Numerical solutions to the full PRISM equations ͑26͒ for finite diameter rods are available. 82 For the small densities of interest, Ͻ1, the di-
